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(B) INTRODUCTION 

 A number of recent papers have tried to model biological rhythmic movements as self-
sustained oscillators (e.g. Beek & Beek, 1988). These approaches are based on the assumption 
that the central nervous system employs limit cycle dynamics to produce rhythmic 
movements. In this framework, rhythmic movements are modelled as oscillators obeying 
second-order ordinary differential equations of the kind 

 mx
••

+ f(x,x )x  + g(x) = 0, (1) 
• •

 
 where x represents the position, and the dot notation is used to indicate differentiation 
with respect to time. The major concern of these approaches is to identify the non-linear 
stiffness (elasticity) and damping (escapement) functions that are exploited to produce 
rhythmical motion.  

 The aim of this experiment was to propose a dynamical modelling of the movements 
of the platform of a ski simulator, and to analyze the evolution of the coefficients in the model 
with practice and under constraints manipulation. In the present work, we considered the 
platform as a end-effector, assuming that its kinematics contained rich informations on the 
global coordination dynamics.  

 Our first goal was to analyze the effects of practice on platform dynamics. Vereijken 
(1991) showed that learning proceeded in three different stages, characterized by qualitatively 
distinct coordinative structures. We hypothesized that such qualitative changes in global 
behavior should led to significant alteration in the composition of the dynamical model of the 
movement of the platform. Our second concern was to study the effects of movement 
amplitude, as we showed in a preliminary experiment a significant decrease in frequency 
variability as required amplitude was increased.  

(C) METHOD AND PROCEDURE 

 Fifteen subjects (mean age: 23.8 years ± 2.3) volunteered for this experiment. All were 
occasional skiers, but none of them had previous experience on the ski simulator. The task 
was executed on a slalom ski simulator, which consists of a platform on wheels which moves 
back and forth on two bowed, parallel metal rails. The subject's feet are strapped to the 
platform, which in turn is fastened to the rails by means of two adjustable rubber belts. The 
tension of the belts was adjusted so as to maintain a consistently high level of resistance 
throughout the duration of the experiment.  

 The subjects were randomly assigned to three experimental groups. They were asked 
to perform slalom ski-like movements on the apparatus, with an amplitude of 30 cm (group 
A), 22.5 cm (group B), and 15 cm (group C). Two fiberglass sticks were vertically adjusted 
on both sides of the apparatus, to materialize the amplitude to reach. Four practise sessions 
were conducted on four consecutive days. Each session consisted of four 4-min trials, with a 
4-min break between them.  
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 The position of the middle point of the platform was measured by a potentiometer, and 
sampled at a frequency of 100 Hz. For the purpose of the present paper, treatments focused on 
the first 15 seconds of the third minute of the first trial of each session. These position time 
series were filtered, and each sample was summarized in a normalized average cycle.  

(D) RESULTS 

 Visual inspection of Hooke's portraits, especially for the 30 and 22.5 cm amplitude 
conditions, indicated that the local stiffness tended to decrease near the reversal point, and to 
increase again at the reaching of the reversal point. This suggested that a negative cubic (x3) 
and a positive quintic (x5) Duffing terms were to be included in the stiffness function of the 
equation of motion:  
 
 The determination of the non-conservative damping terms was not direct. We used a 
graphical method adapted from Beek and Beek (1988), which revealed in most cases a local 
Van der Pol behavior, suggesting a general equation of motion reading:  
 
 + c10x + c30x3 + c50x5 + c01x  + c21x²xx

•• • •
 = 0 (2) 

 
 On some occasions, nevertheless, this graphical analysis suggested the addition of a 
quadratic van der Pol term (with a coefficient c41) to the model. No evidence for Rayleigh 
behavior was evidenced. Note that the shape of the Hooke portraits suggests that c30 is 
negative and c50 positive. Furthermore, to give raise to a limit cycle behavior, c01 should be 
negative and c21 positive, and/or c41 positive.  
 
 These coefficients were estimated using a stepwise multiple regression procedure of 
all relevant terms x, x3, x5,  and x²x

•
x
•

 (plus eventually x4x
•

 in the cases where this term 
appeared necessary) onto -x

••
. These regressions revealed that equations (2) and (3) accurately 

predicted behavior, with coefficients r² from 0.992 to 1.000, and a mean value of 0.997. The 
best fittings where obtained for the data from group C (15 cm). As can be seen in Table 1, the 
estimated values for stiffness terms were of expected signs, c10 and c50 being positive, and c30 
positive. On the other hand, the sign requirements for the linear and non-linear damping terms 
were met in all cases, with negative values for c01, positive for c21, and negative, when 
present, for c41.  
 
 A visual examination of estimated coefficients in Table 1 suggests a strong effect of 
movement amplitude on stiffness components: c10 and c50 seem lower for group C than for the 
two others groups, and conversely c30 appears higher. No differences appears between groups 
A and B. An effect of amplitude on linear friction seems plausible, with lower estimates for 
group A than for groups B and C. Finally, c21 seems lower for group C than for group A. 
Table 1 also suggests a systematic effect of practice on stiffness coefficients, with a 
progressive decrease of c10 and c50 estimates, and a parallel increase of c30. There was no clear 
trend concerning friction coefficients. This examination provides a first insight on the 
respective effects of amplitude and practice on the stiffness and friction functions, but these 
intuitions have to be confirmed by statistical procedures involving individual data.  
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Table 1: Estimates of Stiffness and Damping Coefficients.  

______________________________________________________________________________ 

 Group Session c10 c30 c50 c01 c21 c41 r² 
______________________________________________________________________________ 

 A 1 2.168 -2.002 0.845 -0.221 0.091 - 0.993 
  2 1.833 -1.516 0.699 -0.253 0.141 - 0.997 
  3 1.686 -1.285 0.621 -0.240 0.124 - 0.998 
  4 1.548 -1.069 0.545 -0.229 0.108 - 0.997 
 
 B 1 2.135 -1.971 0.871 -0.185 0.103 -0.085 0.996 
  2 1.950 -1.700 0.792 -0.189 0.113 -0.088 0.996 
  3 1.795 -1.410 0.643 -0.166 0.016a - 0.992 
  4 1.720 -1.250 0.550 -0.196 0.059 - 0.998 
 
 C 1 1.543 -0.609 0.033 -0.158 0.028 -0.037 1.000 
  2 1.349 -0.380 0.003a -0.173 0.025 - 0.999 
  3 1.381 -0.424 0.016 -0.171 0.023 - 1.000 
  4 1.352 -0.427 0.055 -0.182 0.039 - 0.999 
______________________________________________________________________________ 

a Not significantly different from zero on a t test.  

 
(E) DISCUSSION AND CONCLUSIONS 

 
 This paper confirms that the graphical and numerical methods proposed by Beek 
and Beek (1988) constitute valuable tools for constructing dynamical models for 
biological rhythmic movements. Applied on average normalized cycles, excluding 
random noise from experimental data, these methods produce suitable models, from a 
qualitative (sign constraints), as well as from a quantitative point of view (fitting 
accuracy). Following Mottet and Bootsma (in press), we point out the necessity of a 
preliminary selection of relevant terms before the application of the W-method. One 
could note, however, that our results highlight the difficulty to obtain reliable estimates 
of the damping coefficients from phase-plane data. At a more general level, our results, 
in accordance with Beek, Rikkert and van Wieringen (1996)'s conclusions, confirm the 
importance of stiffness non-linearities in biological movements.  
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