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Abstract: Some recent papers proposed to 

distinguish between event-based and emergent 

timing. Event-based timing is conceived as 

prescribed by events produced by a central clock, 

and seems to be used in discrete tasks (e.g., finger 

tapping). Emergent or dynamical timing refers to 

the exploitation of the dynamical properties of 

effectors, and is typically used in continuous tasks 

(e.g., circle drawing). The analysis of period series 

suggested that both timing control processes 

possess fractal properties, characterized by self-

similarity and long-range dependence. The aim of 

this article is to present two models that produce 

period series presenting the statistical properties 

previously evidenced in discrete and continuous 

rhythmic tasks. The first one is an adaptation of the 

classical activation/threshold models, including a 

plateau-like evolution of the threshold over time. 

The second one is a hybrid limit cycle model, 

including a time-dependent linear stiffness 

parameter. Both models reproduced satisfactorily 

the spectral signatures of event-based and 

dynamical timing processes, respectively. The 

models also produced auto-correlation functions 

similar to those experimentally observed. Using 

ARFIMA modeling we show that these simulated 

series possess fractal properties. We suggest in 

conclusion some possible extensions of this 

modeling approach, to account for the effects of 

metronomic pacing, or to analyze bimanual 

coordination.  
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Timing was for a long time considered a general-

purpose ability (Keele & Ivry, 1987; Treisman, 

Faulkner, & Naish, 1992; Ivry & Hazeltine, 1995). 

This idea was supported by a number of correlation 

studies showing that timing variability was 

significantly correlated across a range of different 

rhythmic tasks (Keele, Pokorny, Corcos, & Ivry, 

1985; Keele, Ivry, & Pokorny, 198; Franz, Zelaznik, 

& Smith, 1992). These studies suggested the 

presence of a common timing process, a 

fundamental timing ability that could be shared by a 

variety of motor tasks. Nevertheless, several 

complementary studies addressing the structure of 

variability in time series, neuro-anatomical 

contributions, formal distinctions, and spectral 

properties of time series, provided consistent 

insights that oppose the assumption of a unique 

timing process. 

Robertson et al. (1999) analyzed timing variability 

in finger tapping and in continuous circle drawing. 

They showed that individual differences in the 

variability of timing in the tapping task were not 

significantly correlated with the individual 

differences in the variability of timing in drawing 

(see also Zelaznik, Spencer, & Doffin, 2000). The 

authors suggested that these two tasks could involve 

distinct timing control processes. Finger tapping 

was considered as representative of a class of tasks 

where timing follows from the operation of an 

‘internal clock’, engaging an explicit representation 

of the temporal goal. This mode of timing control 

was then referred to as explicit. The key feature of 

this class of tasks could be related to their 

discreteness: for example finger tapping appears as 

the concatenation of discrete movements, in 

response to cognitive events. In contrast, other tasks 

require smooth and continuous movements. In this 

case, timing has been assumed to be controlled on 

the basis of a different process, involving the 

dynamical properties of the effector, with non-

temporal parameters such as muscle stiffness. The 

authors proposed to refer to this latter type of timing 

as implicit. In order to establish the importance of 

the distinction between continuous/discontinuous 

movements, Zelaznik, Spencer, and Ivry (2002) 

developed a intermittent circle drawing task, where 

participant were instructed to pause between each 
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circling cycle. Despite the similarity between 

intermittent and continuous circle drawing, the 

variability of periods in the intermittent drawing 

task correlated with finger tapping while continuous 

drawing correlated neither with tapping nor with 

intermittent drawing.  

Spencer and Ivry (2005) noted that ‘explicit’ 

timing should not be considered as conscious. To 

avoid confusion, they proposed to refer to this 

process as event-based timing. Similarly, they 

proposed to qualify ‘implicit’ timing as emergent, 

considering that in this case timing results from the 

operation of peripheral, non-cognitive parameters. 

Spencer, Zelaznik, Diedrichsen, and Ivry (2003) 

provided a neurological support for this distinction, 

showing that patients with cerebellar damage were 

selectively impaired in discontinuous rhythmic 

tasks, but were unimpaired in a continuous task (see 

also Spencer, Ivry & Zelaznik, 2003; Spencer & 

Ivry, 2005).  

On a more formal basis, Schöner (2002) proposed 

a similar distinction between event-based and 

dynamical timers. The former is based on the 

hypothesis of ‘internal clocks’ generating periodic 

timing events. In contrast, dynamical timers exploit 

the limit-cycle dynamics of effectors, which are 

considered as self-sustained oscillators. Within the 

limit cycle, particular events (such as movement 

reversals) can be used to delimit time intervals. The 

duration of the time intervals produced by this 

model depends on a single control parameter, the 

linear stiffness. 

Delignières, Lemoine and Torre (2004) evidenced 

additional properties of event-based vs. dynamical 

timing processes. They analyzed the spectral 

properties of period series produced in continuation 

tapping and in rhythmic forearm oscillations, the 

first being supposed to exploit event-based timing, 

and the second dynamical, or emergent timing. 

They showed that the two kinds of timing processes 

were characterized by specific signatures in the log-

log power spectrum (Fig. 1). For tapping series, the 

log-log spectrum was characterized by a positive 

slope in the high frequency region, whereas for 

oscillation series, the high-frequency slope 

remained slightly negative. In both cases, the low-

frequency region of the spectrum presented a 

negative linear slope, close to minus one, which is 

generally considered as revealing the presence of 1/f 

noise in the series.  

This typical log-log spectrum for tapping series 

has been already evidenced in a number of previous 

experiments (see, for example, Chen, Repp, & Patel, 

2002; Gilden, 2001; Gilden, Thornton, & Mallon, 

1995; Yamada, 1995). Gilden et al. (1995) 

interpreted this result on the basis on the model 

proposed by Wing and Kristofferson (1973), which 

supposes that the production of each interval is 

based on two independent processes: an internal 

clock, which provides a series of temporal intervals 

Ci, and a motor component, responsible for the 

execution of the tap i at the expiration of the interval 

Ci. This motor component does not operate 

instantaneously, and all taps have an assigned motor 

delay Mi. The observed period Ii then depends on 

both components 

 

Ii = Ci + Mi – Mi-1 (1) 

 

In the original model, Ci and Mi were assumed to 

be uncorrelated white noise processes. According to 

Gilden et al. (1995), the positive slope observed in 

the high-frequency region of the log-log spectrum 

could arise from the presence of a differenced white 
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Figure 1: Averaged power spectra (in log-log coordinates), for the tapping task (left) and the oscillation task (right). From 

Delignières et al. (2004). 
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noise process in the series (Mi – Mi-1). This result 

reinforces an essential aspect of the Wing-

Kristofferson model, and especially the idea that 

tapping performance is governed by an event-based 

timing process: each tap is triggered by a discrete 

cognitive event, and consequently each inter-tap 

interval is determined by two boundary events and 

their associated motor delays. Regarding the low-

frequency power spectrum, Gilden et al. (1995)’s 

interpretation suggested that the internal clock 

should be considered as a source of 1/f noise, and 

not as a white noise process. In the log-log spectrum 

of oscillation data, the obtaining of a flattened, but 

negative slope in the high-frequency region was 

interpreted by Delignières et al. (2004) as the 

typical signature of a dynamical timing process. As 

previously indicated, the duration of the time 

intervals produced by such processes depends only 

on the linear stiffness parameter. In order to account 

for the inherent variability of biological systems, 

one can suppose that a Gaussian white noise should 

be added to the model, leading to random, 

uncorrelated fluctuations in the series of produced 

time intervals. The simplest formulation of such a 

dynamical model should read as following:  

 

Ii = Di + ξi (2) 

 

where Di represents the duration of cycle i and ξi a 

Gaussian white noise term. In this case the error 

term affects directly the time interval, and not the 

successive events that delimit the interval, as in the 

Wing-Kristofferson model. A simple flattening of 

the slope in the high frequency region reveals the 

presence of this unique white noise term. Because 

Delignières et al. (2004) evidenced that time 

interval series in oscillation show 1/f noise in the 

low frequency region of power spectra, Di can be 

assumed to be responsible for these 1/f fluctuations.  

The discovery of 1/f noise in psychological series 

was questioned by several authors (Pressing & 

Jolley-Rogers, 1997; Wagenmakers, Farrell, & 

Ratcliff, 2004). 1/f noise is characterized by a highly 

structured variability, possessing properties of self-

similarity and long-range dependence. Self-

similarity signifies that the series do not present a 

specific time scale (this property is suggested by the 

linear slope observed in the log-log power 

spectrum), and long-range dependence that the 

current value is not dependent on a limited set of 

previous values, but possesses the memory of the 

whole previous history of the series. Evidencing 

these properties in experimental data remains 

difficult, and Pressing and Jolley-Rogers (1997) 

suggested that the 1/f shape of the spectra could be 

an artifact due to series non-stationarity. Recently, 

nevertheless, Lemoine, Torre and Delignières 

(2006), applying ARFIMA/ARMA modeling 

(Torre, Delignières, & Lemoine, 2007), showed that 

continuation tapping data contained genuine long-

range dependence.  

Our aim in the present paper was to develop and 

to test specific models for event-based timing and 

dynamical timing, that would be able to generate 

time interval series reproducing the statistical 

properties observed in experimental tapping and 

oscillation data. A number of generic models have 

been proposed for generating series presenting long-

range correlations. Hausdorff and Peng (1996) 

showed that under certain conditions, the 

association of white noise processes acting at 

different time scales could produce 1/f-like 

fluctuations. Another multi-scaled model was 

proposed by Pressing (1999) and Wing, 

Daffertshofer and Pressing (2004), suggesting that 

the aggregation of moving average processes could 

also generate fractal series. This model will be 

examined in detail in the last section of this paper. 

Granger (1980) showed that the aggregation of 

AR(1) processes by random sampling of the 

autoregressive parameters from a beta distribution 

can lead to 1/f noise. Kaulakys (1999, 2000) 

proposed another model based on AR(1) processes, 

that consists of pulses whose recurrence times obey 

an autoregressive process with very small damping.  

Our goal in this paper was not to arbitrarily select 

a formal model. Rather we derived from the models 

that have previously been proposed for accounting 

for event-based and dynamical timing processes. 

This approach seemed essential to provide our 

models with a certain biological or psychological 

plausibility. These models should not only be able 

to reproduce the classically reported experimental 

features in tapping or oscillation tasks, but also to 

generate time interval series possessing the 1/f 

properties evidenced in the aforementioned studies. 

For event-based timing, we tested the ‘shifting-

strategy’ model recently suggested by 

Wagenmakers, Farrell and Ratcliff (2004). This 

model is a rather simple extension of the activation-

threshold model (Ivry, 1996). For dynamical timing, 

we worked on an adaptation of the ‘hopping’ model 

proposed by West and Scafetta (2003) for modeling 

walking step variability. We combined this model 

with a classical limit-cycle model for limb 

oscillation (Kay, Saltzman, Kelso & Schöner; 

1987).  

 

A fractal event-based timer model 
The activation-threshold model (Ivry, 1996) 

represents the simplest way for conceiving timing 

control. In this model an activation level is 

supposed to increase linearly in time. The 

attainment of a particular activation threshold 

determines a first event, and resets the activation 

level. The iteration of this simple process produces 
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a succession of periodic events, regularly spaced in 

time (Fig. 2).  

Wagenmakers et al. (2004) introduced a ‘shifting-

strategy model’, which seemed able to generate 1/f 

fluctuation. This model assumes that the threshold 

level could evolve in time, as a consequence of the 

successive adoption of different strategies for 

controlling the interval duration (Fig. 3). Each 

strategy is characterized by a particular threshold 

that can be modeled by sampling uniformly from an 

interval centered on a baseline level. These 

successive strategies are employed during a limited 

and variable period of time (i.e., number of 

produced events). This shifting in strategy can also 

be modeled by sampling from a uniform distribution 

of usage times, bounded by a minimal and a 

maximal usage duration. Each iteration of the 

activation process is then realized until the reaching 

of a threshold Ti:  

 
Ti = T0 + T’i (3) 

 
where T0 represent the baseline threshold, and T’i 

the deviation from this baseline, sampled from a 

uniform distribution of range R. These strategy 

shifts produce local plateaus in performance.  

It is further assumed that the speed v with which 

activation grows over time is variable from one 

interval to the other, following an auto-regressive 

process of order one:  

 

vi = v0 + φ(vi-1 – v0) + pεi (4) 

 

where v0 represents the baseline speed, φ is the 

auto-regressive parameter, and εi a centered white 

noise with unit variance. The time interval Ci 

produced by iteration i is then simply given by 

 
Ci = Ti /vi (5) 

 
Finally, according to the Wing-Kristofferson 

model (Eq. 1), we added a differenced white noise 

Event 1 Event 2 

Threshold 

Interval 

Activation 

Time 

Figure 2: A simple activation-threshold model. An activation level is supposed to increase linearly in time. The 

attainment of a particular activation threshold determines a cognitive event, and the resetting of the activation level.  

Baseline level 

Time 

Threshold 

Figure 3: The shifting strategy model: the threshold evolves in time, as a consequence of the successive adoption of 

different strategies for controlling duration.  
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term:  

 

Ii = Ci + λ(Mi – Mi-1) (6) 

 
where Mi is a centered white noise process of unit 

variance.  

 
A fractal dynamical timer model 

The starting point of the second model is the 

‘hybrid’ model proposed by Kay et al. (1987), for 

accounting for the dynamics of a single oscillating 

effector. This model obeys the following equation:  

 

x&&  = α x&  - β x& x
2
  - γ x& 3

 - ω²x (7) 

 

where x represents position. The dot notation 

indicates differentiation with respect to time. In this 

second-order differential equation ω²x represents 

stiffness, α x&  linear damping, β x& x
2
 is a nonlinear 

van der Pol damping term, and γ x& 3
 a nonlinear 

Rayleigh damping term. A noise term of strength Q 

is added to the model in order to simulate the 

perturbations that affect all dynamical systems. In 

the present notation, all coefficients are supposed to 

be positive. Under these conditions, this model 

yields a limit cycle attractor of frequency ω with 

amplitude:  

 

)²3/(2 βγωα +=A  (8) 

 

This model was proven to provide a satisfying 

account for the empirically observed relationships 

between frequency, amplitude, and peak velocity in 

oscillation (Kay et al., 1987). Note that this 

approach averages the system over a period of 

oscillation, considering perturbations as reasonably 

small around the stable limit cycle.  

The correlation structure of the series of periods 

produced by this model was analytically studied by 

Schöner (1994) and Daffertshofer (1998). Schöner 

(1994) suggested that the relaxation properties of 

such an oscillator could induce a negative short-

term dependence in the series of successive periods: 

If the relaxation time of the limit cycle is close to 

the cycle duration, then relaxation should generate a 

negative dependence between successive periods. 

Indeed, Daffertshofer (1998) showed that a van der 

Pol oscillator, when perturbed by a white noise 

source, could exhibit slight oscillations around the 

basic frequency during the relaxation onto the limit 

cycle, leading to the expected negative lag-one 

autocorrelation. Nevertheless, this serial dependence 

was obtained with rather unrealistic stiffness 

parameters. Note that in both cases the aim of the 

authors was to check whether nonlinear oscillators 

could represent a plausible alternative to internal 

clock models, in producing the typical negative lag-

one autocorrelation observed in tapping 

experiments. In contrast, our aim was not to produce 

this kind of auto-correlation function, but instead a 

typical long-range auto-correlation function 

presenting a positive value at lag one, and a power-

law decay over time. The aforementioned studies 

clearly showed that the limit cycle dynamics per se 

could not produce this kind of dependence.  

Considering that in a dynamical timing model the 

period is mainly determined by the linear stiffness 

parameter, a solution could be to provide ω with 

fractal properties over time. Such a solution was 

explored by Ashkenazy, Hausdorff, Ivanov and 

Stanley (2002) and West and Scafeta (2003), in the 

domain of locomotion. They developed the so-

called ‘hopping’ model that seemed able to generate 

a series of stiffness values possessing long-range 

correlation properties. The key element of the model 

is a linear Markov process δj, generated by a first-

order auto-regressive equation:  

 

δj = φδj-1 + ηεj (9) 

 

where 0< φ <1 is a constant, and εj a white noise 

process with zero mean and unit variance. This 

process could be conceived as a chain of possible 

states of the effector, neighboring states being 

determined by similar factors and mutually 

correlated. The chain then contains “correlated 

zones” of typical size r:  

 

r = -1/logφ (10) 

 

The successive states of the system are supposed 

to be activated by a random walk along the chain, 

whose jump sizes follow a Gaussian distribution of 

width ρ  (Fig. 4). This random walk generates a 

series δi, representing the state adopted by the 

effector for each successive cycle i. In this process, 

correlations within the δi series increase as the size 

of correlation within the chain (r) increases, and 

decrease as the width ρ of the distribution of jumps 

increases.  

Finally, the frequency of the limit cycle is 

determined, for each successive cycle i, by 

 

ωi = ω0 + µδI + θξi   (11) 

 

where ω0 represents the baseline frequency, µ is a 

constant, and ξi is a white noise with zero mean and 

unit variance. The addition of this white noise 

process to the series of stiffness values was 

motivated by the observation of a flattening of the 

log-log power spectrum in high frequencies 

(Delignières et al., 2004), suggesting the presence of 

a high-frequency random fluctuation (see Eq. 4). 

The parameter θ allows controlling the relative 

strength of this noise term. This series of linear 
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stiffness parameters is then injected into the hybrid 

model (Eq. 7).  

One could note that in both cases our strategy was 

to enrich the classical model with a module that was 

supposed to insert long-range dependence in the 

timing-generating parameter (i.e. the internal clock 

in the Wing-Kristofferson model, and the stiffness 

parameter in the limit-cycle model). However this 

enrichment should not be considered as simply 

additive, and hence trivial. The capacity of these 

modules to generate genuine long-range dependence 

has to be statistically proven, and additionally, their 

combination with the initial models, generating their 

own dependencies, could lead to unexpected results 

in the finally produced series.  

The aims of the present work were then (1) to 

collect series of periods produced in uni-manual 

finger tapping and uni-manual forearm oscillation, 

(2) to simulate with the two models, using 

appropriate parameter settings, series possessing 

similar Gaussian statistics (mean and variance) than 

those obtained in the corresponding experimental 

series, and (3) to check whether experimental and 

simulated series shared, in both conditions, similar 

statistical features related to self-similarity and 

long-range dependence. We chose finger tapping 

and forearm oscillation tasks because they have 

previously been proven to induce the exploitation of 

event-based and dynamical timing, respectively 

(Delignières et al., 2004). The main aim of the 

experimental work was to provide a clear statistical 

characterization of empirical series, in terms of 

Gaussian statistics and fractal signatures, in order to 

guide the setting of the parameters of the models 

and to provide a reference for the assessment of the 

temporal structure of simulated series.  

 

Method 
Participants 

12 participants (mean age 29.0 +/- 7.2) were 

involved in the experiment. None of them had 

particular expertise or extensive practice in music. 

They signed an informed consent form, and were 

not paid for their participation.  

Procedure 

The participants performed two continuation 

tasks, in finger tapping and in forearm oscillation. In 

the tapping task participants tapped with the index 

finger of their dominant hand. In the forearm 

oscillation task the time intervals were produced 

through the oscillations of a joystick, which could 

only be moved in the frontal plane, by forearm 

pronation/suppination movements. The joystick was 

manipulated with the dominant hand, and the key-

events delimiting intervals were the reversal points 

of maximal pronation.  

Before each trial, participants had to carefully 

observe a 30-second video sequence that displayed 

finger tapping or forearm oscillations performed at a 

frequency of 2 Hz. These video sequences gave 

only visual information, about the task to perform 

and the tempo to follow. We suppressed any 

metronomic information in order to avoid the 

artifactual induction of an event-based timing 

control, especially in the oscillation task. 

Participants were instructed to not perform the task 

during this first stage. Then, without any external 

pacing signal, they had to tap or oscillate regularly, 

following the requested tempo. In the two 

conditions, the task was pursued up to the recording 

of 700 successive time intervals, leading to trial 

duration of approximately 6 minutes. The order of 

presentation of the two tasks was systematically 

counterbalanced. A resting period of 5 minutes was 

given between the tasks.  

 

Experimental device  

The experiment was individually performed in a 

quiet room. In the tapping task participants had to 

tap on a rectangular (4cm X 4cm) pressure sensor. 

For the oscillation task, we used a 15-cm wooden 

joystick. Participants were asked to perform regular 

oscillations, with amplitude of about 45 degrees on 

each side of the vertical position. The angular 

movements were recorded with a potentiometer 

located at the axis of the joystick. In both 

experimental conditions, data were recorded with a 

sampling frequency of 300Hz.  

δj+1 δj+2 δj+3 δj+4   δj δj+5 δj+6 δj+7 δj+8 

 

   
 

Figure 4: Illustration of the hopping model. The random walk selects successively the variables δj+1, δj+3, δj+5, δj+2, δj+7, and 

δj+6. The dashed boxes indicated the size (here r = 4) of the correlated zones.  
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Data reduction 

In the tapping condition, the time of each tap was 

identified as the reaching of a threshold in the 

pressure time series. The threshold was determined 

in order to distinguish the initiation of the taps from 

the background noise present in the collected 

voltage data. Time intervals were then computed as 

the differences between the times of successive taps. 

For the oscillation condition, a bi-directional low-

pass Butterworth filter (cut-off frequency 15 Hz) 

was applied to the collected voltage data. An 

appropriate algorithm, locating the local extrema 

corresponding to maximal pronation was then used 

for delimiting time intervals. In both conditions the 

first hundred points of the series was ignored, in 

order to avoid the initial drift that frequently occurs 

in the continuation paradigm (Ogden & Collier, 

1999). Analyses were then conducted on the 512 

next points of the series.  

 

Simulations 

Simulations were performed with the shifting 

strategy model and the hopping model. For the 

hopping model, we used a four-stage Runge-Kutta 

algorithm, following the scheme described by 

Burrage, Lenane and Lythe (2007, pp. 11-12), for 

second-order stochastic differential equations with 

additive noise. We used a fixed step size of 0.001 

sec.  

In both cases parameters were chosen in order to 

reproduce the statistical characteristics of the 

experimental series, in terms of means and 

variances. One hundred series of 512 points were 

generated with each model.  

 

Analyses 

We used four different analyses, aiming at 

revealing specific signatures of self-similarity or 

long-range dependence. Note that the use of 

complementary methods is highly recommended in 

fractal analysis, for an unambiguous 

characterization of series (Rangarajan & Ding, 

2000). We first applied spectral analysis, in order to 

check whether our experiment replicated the 

spectral signatures of event-based and dynamical 

timing, previously evidenced by Delignières et al. 

(2004). We used the method proposed by Fougère 

(1985) and modified by Eke et al. (2000), which 

includes some preprocessing operations before the 

application of the Fast Fourier Transform 

(Appendix A; for details, see Delignières et al., 

2006). The power spectrum was then represented in 

bi-logarithmic coordinates, and the low- and high-

frequency slopes were estimated separately. The 

power estimates obtained for frequencies below 1/8 

of maximal frequency were considered for 

determining the low frequency slope, and those 

obtained for frequencies above 1/2 of maximal 

frequency were considered for the high frequency 

slope. 1/f noise yields a negative linear trend in the 

low frequency region, with a slope close to –1.0. As 

reported by Delignières et al. (2004) we expected to 

obtain a positive slope in high frequencies in 

tapping, and a negative slope in forearm oscillation.  

In complement to spectral analysis we applied the 

Detrended Fluctuation Analysis (DFA, Peng et al., 

1993), because this method was proven to give 

better estimates of the fractal exponent than spectral 

analysis, especially when the analyzed series were 

contaminated by noise (Delignières et al., 2006). 

This method is based on the analysis of the relation 

between the mean magnitude of fluctuations in the 

series and the length of the intervals over which 

these fluctuations are observed (see Appendix A). 

DFA provides an index α, which allows 

determining whether the analyzed series can be 

considered as stationary (α < 1) or non-stationary (α 

> 1). 1/f noise is characterized by α values close to 

1.0. The application of DFA constitutes a useful 

precaution, because ARFIMA modeling can only be 

applied on stationary signals.  

Thirdly, we applied the ARMA/ARFIMA 

modeling procedure proposed by Farrell et al. 

(2005) and Torre et al. (2007), which allows 

providing a statistical test for the presence of long-

range dependence in the series. This method 

consists in fitting 18 models to the series: nine are 

ARMA (p,q) models, p and q varying systematically 

from 0 to 2, and the other nine are the 

corresponding ARFIMA (p,d,q) models. This 

method selects the best model on the basis of a 

goodness-of-fit statistic that is based on a trade-off 

between accuracy and parsimony: the best model is 

the one that gives a good account of the data with a 

minimum number of free parameters. We used in 

the present study the Bayes Information Criterion 

(BIC, see Appendix B for details). For allowing 

comparisons between models, BIC raw values were 

transformed into normalized weights (Wagenmakers 

& Farrell, 2004; see Appendix B). Note that the 

normalized weights computed among a given set of 

models sum to one. ARFIMA modeling also allows 

testing the value of the d parameter estimated from 

ARFIMA (p,d,q), considering the corresponding 

ARMA (p,q) model as the null hypothesis.  

Two complementary criteria were taken in 

account for detecting the presence of long-range 

dependencies in the series: (1) the best model (i.e. 

the model with the highest weight) that should be an 

ARFIMA (p, d, q), d being significantly different 

from 0, and (2) the sum of weights of ARFIMA 

models. Torre et al. (2007) proposed to accept the 

hypothesis of long-range correlation if at least of 

90% of series are best fitted by an ARFIMA model, 

and if the mean sum of ARFIMA weights exceeds 

0.90. 
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Models’ fitting was conducted using the ARFIMA 

package (Doornik & Ooms, 1999; Ooms & 

Doornik, 1998) for the matrix computing language 

Ox (Doornik, 2001). We used, with some minor 

adaptations, the Ox code provided by Simon Farrell, 

available at http://eis.bristol.ac.uk/~pssaf/ (for 

details, see Farrell et al., 2005). 

Finally, we computed the auto-correlation 

function of the obtained series. Auto-correlation 

functions are supposed to reveal the presence of 

long-range dependence in the series, with a typical 

power-law decay of auto-correlation over time. 

Moreover, these auto-correlation functions can also 

be useful for distinguishing between event-based 

and dynamical timers: the former are known to 

present a typical negative lag-one auto-correlation 

(Wing & Kristofferson, 1973), while the latter are 

supposed to contain persistent dependence at all 

lags.  

 

Further testing of the models.  

Finally we analyzed the fractal properties of our 

two models, by examining systematic combinations 

of different values for their key parameters (R and φ 

for the shifting-strategy model, and ρ and r for the 

hopping model). The respective analyzed ranges 

were chosen on the basis of the results of the first 

simulations. One hundred series of 1024 points were 

generated for each combination. Analyses focused 

on DFA and ARFIMA modeling, in order to detect 

and characterize long-range dependence in the 

series.  

 
Results 

Experimental tapping series and shifting- strategy 

model 

We present in Fig. 5 (upper panel) an example of 

experimental series collected in the tapping 

condition. In order to obtain simulated series 

possessing similar mean and variance than the 

experimental series, we set the models parameters to 

the following values: T0 = 1000, v0 = 2, R = 40, β = 

0.05, φ = 0.4, and λ = 17. One of these simulated 

series is presented in Fig. 5 (lower panel). The mean 

standard deviation was 28.83 ms for experimental 

series (N = 12), and 28.24 ms for simulated series 

(N = 100). 

Fig. 6 (left panel) represents the mean power 

spectrum, obtained by a point-by-point averaging of 

the 12 individual spectra, and plotted in log-log 

coordinates. The right panel represents the mean 

power spectrum obtained from 12 simulated series, 

randomly selected from the set of series produced 

by the shifting strategy model. The spectra present 

similar shapes, with a negative linear slope in the 

low frequencies, and a positive slope in the high 

frequencies. The mean slope in low frequencies was 

–0.66 (SD = 0.53) for experimental series (N = 12), 

and –0.71 (SD = 0.24) for simulated series (N = 

100). The mean slope in high frequencies was 0.42 

(SD = 0.25) for experimental series, and 0.52 (SD = 

0.21) for simulated series. 

Detrended Fluctuation Analysis yielded mean 

exponents of 0.70 (SD = 0.14) for experimental 

series, and 0.68 (SD = 0.07) for simulated series.  

ARFIMA modeling selected an ARFIMA model 

as best model for 11 experimental series over 12, 

and the mean sum of weights of ARFIMA models 

was 0.95. Long-range dependence was detected in 

all simulated series, and the mean sum of weights of 

ARFIMA models was 0.96. In both experimental 

and simulated series the most often selected model 

was a very simple (0,d,1) model, containing a 

fractional integration and a first-order moving-

average process.  
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Figure 5: Upper panel: An example of individual 

experimental series of time intervals produced in the 

tapping condition. Lower panel: an example of 

simulated series obtained with the shifting strategy 

model. Parameters values: T0 = 1000, v0 = 2, R = 40, 

β = 0.05, φ = 0.4, and λ = 17.  

 

Fig. 7 (left panel) represents the mean auto-

correlation function, up to lag 30, obtained by a 

point-by-point averaging of the 12 experimental 

auto-correlation functions. As can be seen, this 

auto-correlation function presents a negative value 

at lag one and then quite low, but positive values for 

lags superior to one. The right panel represents the 

mean auto-correlation function obtained from the 12 

randomly selected simulated series. This function 

presents a roughly similar shape than the function 

obtained for experimental series 
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Figure 6: Averaged power spectra, in log-log coordinates. Left: experimental tapping series (N = 12), right: 

simulated series (shifting strategy model, N = 12). 
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Figure 7: Averaged auto-correlation functions. Left: experimental tapping series (N = 12), right: simulated series 

(shifting strategy model, N = 12). 

 

Experimental oscillation series and hopping 

model 

We present in Fig. 8 (upper panel) an example of 

experimental series collected in the oscillation task. 

In order to obtain simulated series possessing 

similar mean and variance than the experimental 

series, we set the model parameters to the following 

values: α = 0.5, β = 1.0, γ = 0.02, ω0 = 4π, Q = 0.1, 

r = 25, η = 0.1, ρ = 25, µ = 1.0, and θ= 0.015. One 

of these simulated series is presented in Fig. 8 

(lower panel). The mean standard deviation was 

18.86 ms for experimental series (N = 12), and 

20.05 ms for simulated series (N = 100).  

Fig. 9 (left panel) represents the mean power 

spectrum, obtained by a point-by-point averaging of 

the 12 experimental spectra, and plotted in log-log 

coordinates. The right panel represents the mean 

power spectrum obtained from 12 simulated series, 

randomly selected from the set of series produced 

by the hopping model. The two spectra present 

similar shapes, with a negative linear slope in the 

low frequencies, and a flattening trend in the high 

frequencies.  

Further testing of the shifting-strategy model 

Parameters T0, v0, β, and λ were set to previous 

values. We then simulated series of time intervals 

for values of R ranging from 0 to 100, by steps of 

20, and for three values of φ (0.6, 0.4, and 0.2). 100 

series of 1024 points were simulated for each 

combination of R and φ. We applied DFA and 

ARFIMA modeling on the simulated series. For 

each combination of R and φ, we computed the 

mean DFA exponent, and the percentage of series 

detected as ARFIMA. The results of these analyses 

are reported in Table 1. As could be expected, the 

DFA exponent increased when R increased. The 

influence of φ appeared less marked, with, 

nevertheless, a slight increase of exponents when φ 

increased. ARFIMA modeling suggested the 

effective presence of long-range dependence for 

most combinations, with percentages exceeding the 

90% threshold proposed by Torre et al. (2007). 

Long-range dependencies were absent, nevertheless, 

in the series generated with R = 0 (no strategy 

shifting) and low values of φ, and also for the series 

resulting from the combination of the highest R 

values and the lowest φ. 
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Figure 8: Upper panel: An example of individual 

experimental series of time intervals produced in the 

oscillation condition. Lower panel: an example of 

simulated series obtained with the hopping model. 

Parameters values are: α = 0.5, β = 1.0, γ = 0.02, ω0 

= 4π, Q = 0.1, r = 25, η = 0.1, ρ = 25, µ = 1.0, and θ 

= 0.015.  

 

The mean slope in low frequencies was -1.11 (SD 

= 0.43) for experimental series (N = 12), and -0.85 

(SD = 0.52) for simulated series (N = 100). The 

mean slope in high frequencies was -0.13 (SD = 

0.32) for experimental series, and -0.31 (SD = 0.20) 

for simulated series. 

Detrended Fluctuation Analysis yielded mean 

exponents of 0.86 (SD = 0.18) for experimental 

series, and 0.82 (SD = 0.17) for simulated series.  

ARFIMA modeling selected an ARFIMA model 

as best model for all experimental series. The mean 

sum of weights of ARFIMA models was 0.92. For 

the simulated series, long-range dependence was 

detected in 97% of series. The mean sum of weights 

of ARFIMA models was 0.93. In both experimental 

and simulated series the most often selected model 

was a very simple (0,d,0) model, containing only a 

fractional integration process.  

Fig. 10 (left panel) represents the mean auto-

correlation function, up to lag 30, obtained by a 

point-by-point averaging of the 12 experimental 

auto-correlation functions. This function presents a 

positive auto-correlation at lag one (about 0.20), and 

then a slow decay with increasing lags. The right 

panel represents the mean auto-correlation function 

obtained from the 12 randomly selected simulated 

series. This function presents a similar shape than 

that observed for experimental series.  

 

Further testing of the hopping model 

Parameters α, β, γ, ω0, q, η, µ and θ were set to 

previous values. We then simulated series of time 

intervals for values of ρ ranging from 15 to 45, by 

steps of 10, and for values of r ranging from 5 to 45, 

by steps of 10. One hundred series of 1024 points 

were simulated for each combination of ρ and r. As 

previously, we applied DFA and ARFIMA 

modeling on the simulated series. The results of 

these analyses are reported in Table 2. As expected, 

DFA exponent increased as r increased and as ρ 

decreased. However, long-range dependence tended 

to disappear for the combinations of low r and high 

ρ, and conversely for high r and low ρ. In other 

words, long-range dependence seems related to a 

kind of equilibrium between the two parameters.  

 

Table 1: Mean DFA exponent and percentage of ARFIMA models, for different combinations of R and φ in the shifting-

strategy model. One hundred series of 1024 points were simulated for each combination. The other parameters in the 

model were set as following: T0 = 1000, v0 = 2, β = 0.05, and λ = 17. 

 ________________________________________________________  

     R 

 ________________________________________________________  

  0 20 40 60 80 100 

 ______________________________________________________________________  

   0.6 0.52 0.62 0.71 0.85 1.00 0.99 

DFA exponent φ 0.4 0.47 0.59 0.65 0.85 0.88 0.90 

   0.2 0.43 0.49 0.62 0.80 0.93 0.94 

 ______________________________________________________________________  

   0.6 97% 98% 98% 99% 100% 92% 

% ARFIMA φ 0.4 66% 92% 100% 92% 97% 78% 

   0.2 60% 93% 100% 89% 87% 63% 

 ________________________________________________________________________  
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Figure 9: Averaged power spectra, in log-log coordinates. Left: experimental oscillation series (N = 12), right: 

simulated series (hopping model, N = 12).  
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Figure 10: Averaged auto-correlation functions. Left: experimental oscillation series (N = 12), right: simulated 

series (hopping model, N = 12). 

 

 

 

Table 2: Mean DFA exponent and percentage of ARFIMA models, for different combinations of r and ρ in the 

hopping model. One hundred series of 1024 points were simulated for each combination. The other parameters 

in the model were set as following: α = 0.5, β = 1.0, γ = 0.02, ω0 = 4π, Q = 0.1, η= 0.1, µ = 1.0, and θ= 0.015. 

 ______________________________________________  

     r 

 ______________________________________________  

    5 15 25 35 45 

 ________________________________________________________________  

  15 0.64 0.79 0.86 0.89 0.93 

DFA exponent ρ  25 0.59 0.74 0.83 0.90 0.88 

  35 0.58 0.74 0.77 0.83 0.86 

  45 0.55 0.65 0.76 0.79 0.85 

 ________________________________________________________________  

  15 99% 88% 87% 78% 71% 

% ARFIMA ρ  25 94% 96% 97% 82% 89% 

  35 85% 98% 97% 88% 88% 

  45 82% 99% 96% 98% 95% 

 ________________________________________________________________  
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Discussion 
The present experiment confirmed, qualitatively 

and quantitatively, the results obtained by 

Delignières et al. (2004) in the analysis of extended 

series of time intervals produced in tapping and in 

oscillation tasks: the spectral analysis revealed a 

completely different behavior in high frequencies, 

suggesting the use of different kinds of timing 

control in the two situations. In tapping, the positive 

slope in high frequencies suggested the presence of 

a differenced white noise term in the series, as 

proposed in the Wing and Kristofferson (1973)’s 

event-based model. Conversely, a simple flattening 

of the spectrum in the high frequencies was 

observed in the oscillation task, and this result was 

consistent with the dynamical timing hypothesis 

(Schöner, 2002). Moreover, we confirmed that the 

time interval series obtained in both conditions 

contained genuine 1/f fluctuations. The application 

of ARFIMA modeling, which was not used by 

Delignières et al. (2004), gave a statistical evidence 

for the presence of long-range dependence in the 

series produced in both conditions.  

The two proposed models were able to produce 

series presenting statistical features similar to those 

obtained in experimental conditions. The log-log 

spectra presented similar shapes, with comparable 

slopes in the low- and high frequency regions, and 

DFA gave similar exponents for experimental and 

simulated series. The application of ARFIMA 

modeling confirmed the presence of long-range 

dependence in the series produced by the two 

models. Finally, we showed that the auto-correlation 

functions of experimental and simulated series were 

identical, with similar shapes and comparable 

correlation values for the first lags.  

Obtaining fractal correlations in simulated series 

should not be considered a trivial result. We tested a 

number of alternative models, which failed to 

produce series possessing such fractal properties. 

For example, an activation/threshold model 

including a trial-to-trial auto-regressive evolution of 

the threshold did not produce the expected 

properties. As well, a cycle-to-cycle autoregressive 

evolution of stiffness did not provide the hybrid 

model with long-range dependence.  

We also tested some models recently proposed in 

the literature for simulating 1/f series. For example, 

Wing, Daffertshofer and Pressing (2004) proposed a 

very simple model, involving summation of moving 

average processes on multiple time scales. One of 

the simplest formulations of such model is as 

following:  

 

yt = εt + w<εt>n + w²<εt>n²  (12) 

 

where εt is an uncorrelated white noise process, w 

and n are two constants, and <εt>n represents the 

moving average of a window of length n:  

 

<εt>n = (εt +εt-1 +εt-2 + …+εt-n+1 )/n  (13) 

 

We simulated series with this model for w = 5, 10, 

and 15, and n = 5, 10 and 15. One hundred series 

were simulated for each (w, n) combination. DFA 

provided quite acceptable graphical results, with a 

linear relationship between interval length and 

fluctuations, in log-log coordinates. As expected by 

Wing et al. (2004), the mean DFA exponent 

increased with increasing values of w. Windows 

length (n) had no influence for the lower w values, 

but tended to increase the DFA exponent for the 

highest values of w. The application of spectral 

analysis yielded similar results, and the pattern of 

results was consistent with those presented by Wing 

et al. (2004).  

Nevertheless, the application of ARMA/ARFIMA 

modeling showed that the samples of simulated 

series never reached the criterion of 90% of 

preferred ARFIMA models. The best result (60%) 

was obtained for the combination w = 10 and n = 5, 

a percentage clearly insufficient for supporting the 

presence of long-range dependence in the series 

produced by this model (Table 3).  

Nevertheless, the present modeling effort shows 

that genuine 1/f fluctuations can be obtained by 

quite simple formal models. A recent controversy 

opposed two conceptions about the origin of long-

range dependence in complex systems. 

Wagenmakers et al. (2005) claimed that such 

fluctuations could arise from the presence of a 

 

Table 3: Percentage of ARFIMA models for different combinations of n and w in the weighted moving averaged model 

(Wing et al., 2004).  

 n 

_________________________________________________________________ 

   5 10 15 

_________________________________________________________________ 

  5 52%  18%  5% 

 w 10 60% 28% 16% 

  15 40% 47% 35% 

_________________________________________________________________ 
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sufficiently large number of independent 

components. Van Orden, Holden and Turvey (2005) 

considered 1/f noise as the signature of self-

organized criticality. The present results offer a 

possible alternative, suggesting that such complex 

fluctuations could arise from quite simple 

macroscopic mechanisms. Note that in both models 

the production of fractal fluctuations arose from the 

combination of an auto-regressive process and a 

random walk.  

Importantly, the proposed models are just simple 

extensions of two classical models that have 

previously been proven to satisfactorily reproduce a 

number of statistical features observed in the 

respective empirical paradigms of finger tapping 

and uni-manual oscillations. As such these models 

possess a certain psychological and biological 

plausibility. Additionally, the enrichment of these 

models was performed on basic assumptions that 

could allow a systematic experimental testing. For 

example, the shifting-strategy model suggests that 

the intensity of long-range dependence in the series 

is closely related to the range of variation of the 

threshold, with the successive adoption of different 

strategies. One could then suggest that an 

experimental instruction inducing the persistent 

adoption of a selected strategy should lead to a 

decrease in long-range dependence. In the related 

paradigm of tapping in syncopation with a 

metronome, Chen, Ding and Kelso (2001) showed 

that imposing a strategy to participants (for 

example, to tap “in the air” in synchrony with the 

metronome, just in-between the two effective 

syncopation taps), led to a significant decrease of 

the spectral exponent of series of errors to the 

metronome. This result seems consistent with the 

assumptions that can be derived from the model. As 

well, one could suppose that an extended practice of 

tapping would induce the stabilization of strategies, 

and result in a decrease of long-range dependence.  

Concerning oscillations, one could suppose that 

the size of correlation (r) within the Markov chain is 

related to the physiological state of the effector. 

West and Scafetta (2003) suggested that a 

physiological stress could induce an increase of the 

correlation size within the chain, thus inducing an 

increase of long-range dependence in time interval 

series. This evolution of long-range dependence was 

observed in locomotion, when participants were 

instructed to walk or to run below, or conversely 

above, their preferred frequency (Hausdorff et al., 

1996; Jordan, Challis & Newell, 2006).  

These hypotheses have to be tested 

experimentally, in order to validate the basic 

assumptions of our models. It is important to note 

that at this point, the only certitudes we have are (1) 

the presence of long-range dependence in the time 

interval series produced by central clocks, and (2) 

the presence of long-range dependence in the series 

of stiffness during uni-manual oscillation. We 

proposed simple formal models that allowed 

simulating these dependencies, but other candidate 

models could produce similar results. Deciding 

between models should be based on their ability to 

simulate experimentally induced effects, such as 

those evoked above. Note also that a final validation 

of our models should also consider their capacity to 

account for the classical features of event-based and 

dynamical timing, as, for example, the typical 

evolution of cognitive and motor variances with 

time interval duration in tapping tasks (Wing & 

Kristofferson, 1973), or the stability properties of 

the limit-cycle trajectories during limb oscillation 

(Kelso, 1995).  

The interest of these models is not restricted to the 

uni-manual (tapping or oscillation) continuation 

paradigm which was used in the present work. A 

number of extensions of the present models could 

be considered, as for example for the 

synchronization paradigm, where participants have 

to tap in synchrony with a metronome, during the 

whole trial. A simple extension of the Wing-

Kristofferson model, with the addition of an auto-

regressive correction process, was proven to give a 

satisfying account for the structure of short series of 

errors to the metronome collected in a 

synchronization task (Pressing & Jolley-Rogers, 

1997 ; Vorberg & Wing, 1996). However, some 

recent studies have shown that the series of errors to 

the metronome had fractal properties (Chen, Ding, 

& Kelso, 1997, 2001). Clearly, the auto-regressive 

model proposed by Vorberg and Wing presents 

some limitations for taking into account long-range 

dependence in the series of errors to the metronome. 

Torre, Lemoine and Delignières (2006), in a 

preliminary study, showed that the combination of 

the shifting-strategy model with an auto-regressive 

correction process could adequately model the 

fractal properties of extended series produced in 

synchronization tapping.  

Similarly, synchronization with a metronome can 

be performed in oscillation. This paradigm was 

recently studied by Assisi, Jirsa, and Kelso (2005), 

who proposed to couple the hybrid model with a 

periodic function representing the external pacing 

given by the metronome. This model was proven to 

give a satisfactory account for the phase-plane 

trajectory of the oscillator. Nevertheless, Torre et al. 

(2006) showed that similarly to the results obtained 

in tapping, the series of errors to the metronome 

presented long-range dependence. Assisi et al. 

(2005)’s model should be tested in this regards, but 

considering the apparent impossibility to generate 

long-range dependence on the basis of the classical 

hybrid model, one could suppose that the model 

proposed by Assisi et al. (2005) should be unable to 
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satisfy this criterion. Another solution could be to 

introduce in the hopping model an auto-regressive 

correction mechanism similar to that used by 

Vorberg and Wing (1996) for synchronization 

tapping. Torre et al. (2006) showed that this solution 

offered a satisfactory alternative for modeling errors 

and time intervals series collected during 

oscillations in synchrony with a metronome.  

Another extension of the present study could 

involve the analysis of the bimanual versions of the 

two experimental tasks. Bimanual tapping has been 

extensively studied, and some experiments 

evidenced a so-called “bimanual advantage”: 

within-hand variability appears lower in bimanual 

than in uni-manual tapping. Helmuth and Ivry 

(1996) proposed a model for accounting for this 

rather counter-intuitive result. According to this 

model, each effector possesses its own timing 

mechanism. During bimanual tapping, the outputs 

of these two timers are integrated prior to the 

movement and the output of this process is imposed 

to both effectors. This integration is supposed to 

result in the observed bimanual advantage.  

Bimanual oscillations have also been widely 

studied, especially from a dynamical systems 

perspective (Kelso, 1995). Some models have been 

proposed for accounting for the dynamics of 

between-hand coordination (deGuzman & Kelso, 

1991; Haken, Kelso, & Bunz, 1985; Schöner, 

Haken, & Kelso, 1986). These models formalized a 

system of coupled oscillators, and were able to 

reproduce the main features of bimanual 

coordination (differential intrinsic stabilities of in-

phase and anti-phase patterns, transition from anti-

phase to in-phase pattern under an increase of 

driving frequency, etc.).  

For these bimanual versions also, the window of 

observation we propose can offer new insights on 

the principles that underlie effectors coordination. 

For example, in the case of bimanual oscillations, 

Torre, Delignières and Lemoine (in press) 

evidenced the fractal properties of relative phase 

series, and showed that the aforementioned models 

were unable to produce this kind of fluctuations in 

relative phase. One could suppose that a coupled 

version of the hopping model could be able to 

account for the fractal nature of relative phase. 

Several coupling options could be conceived, and 

the discovery of an efficient coupled model should 

provide new hypotheses about coordination between 

oscillating limbs. A similar investigation could be 

proposed for bimanual tapping, by exploring the 

properties of a coupled version of the shifting-

strategy model.  

 

Conclusion 
The original models that constituted the starting 

point of the present work were proposed for taking 

into account the short-term dependence in tapping 

series, for the Wing-Kristofferson model, and the 

phase portrait properties for Kay et al. (1987)’s 

hybrid oscillator model. The present approach 

focuses on long-range dependence, through the 

analysis of extended experimental series. As such, it 

opens a new window of observation, revealing new 

statistical properties that were previously neglected. 

We proposed simple extensions of the original 

models that seem able to take into account these 

properties, revealed by fractal analyses and auto-

correlation functions. This approach offers a 

theoretical and methodological basis for the 

reassessment of current theories, in the domains of 

uni-manual motion and bimanual coordination.  
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Appendix A 
Spectral analysis 

We used the 
low

PSD we method initially proposed 

by Fougère (1985) and modified by Eke et al. 

(2000), which includes some preprocessing 

operations before the application of the Fast Fourier 

Transform (FFT): First the mean of the series was 

subtracted from each value, and then a parabolic 

window was applied: each value in the series was 

multiplied by the following function:  

 

)²1
1

2
(1)( −

+
−=

N

j
jW  for j = 1, 2, …, N. (A1) 

 

This transformation induces a tapering of the 

series and is supposed to reduce the leakage in the 

periodogram. Spectral leakage is the term used to 

describe the loss of power of a given frequency to 
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other frequency bins in the FFT. There are edge 

effects arising from the discontinuity at the bounds 

that cause spectral leakage. It implies that 

windowing in the time domain corresponds to 

smoothing in the frequency domain. This smoothing 

reduces sidelobes associated with the window. 

Finally, a linear detrending was applied to the 

resulting series. The FFT algorithm was then 

applied on the obtained series.  

A fractal series is characterized by the following 

power law:  

 

S(f) ∝ 1/f 
β   

(A2) 

 

where β is the spectral exponent, f the frequency 

and S(f) the correspondent squared amplitude. β is 

estimated by calculating the negative slope (-β) of 

the linear regression of log (S(f)) against log f. β 

equals 0 for white noise, 2 for ordinary Brownian 

motion, and 1 for 1/f noise. As proposed by Eke et 

al. (2000) we excluded in the fitting of β the high-

frequency power estimates (f > 1/8 of maximal 

frequency). This method was proven to provide 

more reliable estimates of the spectral exponent. 

Finally, in order to avoid any effect of the 

logarithmic distribution of the points, we averaged 

the log-log spectrum into non-overlapping intervals 

of 0.1 log(Hz) before computing the regression 

slopes.  

 

Detrended Fluctuation Analysis 

DFA is a fractal method that is supposed to be not 

affected by non-stationarity. The algorithm of DFA 

consists first in integrating the series y(t), 

calculating for every t the cumulated sum of the 

deviations of the mean:  

 

[ ]∑
=

−=
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t

ytyiY
1

)()(   for i = 1, 2, 3….N (A3) 

 

where N corresponds to series length. This 

integrated series is then divided in non-overlapping 

intervals of length n. In each interval, a least squares 

line is fit to the data (representing the trend in the 

interval). The Y(t) series is then locally detrended by 

subtracting to all values the theoretical value Yth(t) 

given by the regression. For all interval length n, the 

characteristic magnitude of fluctuation F(n) is 

calculated by: 
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This computation is repeated over all possible 

interval lengths n (in practice, the shortest length is 

around 10, and the largest N/2, giving two adjacent 

intervals). Typically, F(n) increases with interval 

length n. For fractal series, a power law is expected, 

as 

F(n) ∝ n
α
 (A5) 

where α is the scaling exponent. α is estimated by 

the slope of the graph representing F(n) as a 

function of n, in log-log coordinates. α equals 0 for 

white noise, 1.5 for ordinary Brownian motion, and 

1 for 1/f noise. 

 

Appendix B 
Model selection in ARMA/ARFIMA modeling 

The method proposed by Farrell et al. (2005) 

consists in fitting 18 models to the studied series. 

Nine of these models are ARMA (p,q) models, p 

and q varying systematically from 0 to 2. The other 

nine models are the corresponding ARFIMA (p,d,q) 

models, differing from the previous ARMA models 

by the inclusion of the fractional parameter d, 

representing persistent serial correlations.  

Fitting a particular time series involves 

maximizing the likelihood of a given model with 

respect to the autocovariance function of the series. 

Nevertheless, the examination of the maximum 

likelihood scores provided by the fitting procedure 

is not sufficient, as the capacity of models to 

account for the data is partly related to their number 

of free parameters. The selection of models has to 

be based on a trade-off between accuracy and 

parsimony: the best model is the one that gives a 

good account of the data with a minimum number 

of free parameters.  

We used in the present paper the Bayes 

Information Criterion (BIC), defined as:  

 

BIC = -2logL + klogN  (B1) 

 

where L represents the maximum likelihood for 

the model under study, k the number of free 

parameters in the model, and N the number of 

observations in the series. As can be seen, the first 

term rewards accuracy, and the second penalizes the 

lack of parsimony. The lower the BIC, the better the 

model. 

The raw values of this criterion remain difficult to 

interpret and to compare between models. 

Wagenmakers and Farrell (2004) proposed a 

convenient transformation of the raw values in 

weights. Consider that the goal is to select the best 

model among m candidates. The first step is to 

compute the difference, for each model, between the 

criterion for this model and for the best model. That 

is, for the i
th
 model:  

 

∆i(BIC) = BICi – minBIC  (B2) 

 

This difference in BIC can then be converted in an 

estimate of relative likelihood through the following 

transform :  
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 (B3) 

 

Finally, these relative likelihoods are transformed 

into weights by normalization (i.e. by division by 

the sum of the relative likelihood of all models):  

 

 

 (B4) 

 

 

wi(BIC) can be conceived as the probability for 

the i
th
 model to be the best model given the data and 

the set of candidate models (Wagenmakers & 

Farrell, 2004). Note that the weights computed 

among a given set of models sum to one.  

On the basis of these weights, two criteria could 

be proposed for detecting the presence of long-

range dependence in the series: (1) the best model 

(i.e. the model with the highest weight) should be an 

ARFIMA (p, d, q), d being significantly different 

from 0, and (2) the sum of the weights of the 

ARFIMA models should be higher than the sum of 

the weights of the ARMA models.  

Torre et al. (2007) showed that BIC gave better 

results than the Akaike Information Criterion (AIC) 

initially proposed by Wagenmakers, Farrell and 

Ratcliff (2004).  
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